Abstract. For an element g in a group X, we say that g has 2-part order 2 b if 2 b is the largest power of 2 dividing the order of g. Using results of Erdős and Turán, and Beals et al., we give explicit lower bounds on the proportion of elements of the symmetric group S n with certain 2-part orders. Some of these lower bounds are constant; for example we show that at least 23.5% of the elements in S n (n 3) have a certain 2-part order and furthermore, more than half of the elements in S n have one of three 2-part orders. Also, for all n 2, at least p 5 2 of the elements in S n have the same 2-part order and we show that p 5 2 is best possible.
Introduction
Erdős and Turán [5] proved that for a prime power p 0 Ä n, the proportion s :p 0 .n/ of elements in S n whose order does not divide p 0 is Thus, the proportion p n .2 b / of elements in S n of 2-part order 2 b (that is to say, elements whose order is divisible by 2 b but not by 2 bC1 ) can be evaluated explicitly using the formula
Furthermore, Erdős and Turán also note that if˛> 0 is fixed and if the real number p 0 D .˛Co.1// log.n/ is prime, then s :p 0 .n/ ! e 1=˛, as n ! 1. This suggests that the proportion of elements of 2-part order of the form 2 b D .˛C o.1// log.n/ might be bounded below by a positive constant. Indeed, if 2c > 1, then every interval of the form OEc; 2c/ contains a unique power of 2. In particular, if n 3, then there is an integer b 0 such that 2 b is contained in OE 718 S. Guest and C. E. Praeger where a 1:03. We were surprised to find that the proportion of elements in S n of this 2-part order 2 b is at least 0.235. We also find constant lower bounds for other powers of 2 roughly of this magnitude, which we describe in Theorem 1.1.
Theorem 1.1. Let p n .2 b / be as above and let a WD 1= log. a log.n/; 4a log.n// contains at most three powers of 2. Then (i) more than half of the elements in S n have 2-part order in I 0 ,
(ii) if I , N I and p I are as in Table 1 , and if˛2 I is such that˛log.n/ is an integer power of 2, then p n .˛log.n// p I provided n N I .
In fact, an anonymous referee of an earlier version of our work showed us that there exists a positive integer b such that p n .2 b / p 5 2 0:236067977 and that this lower bound is the best possible in a sense that is made precise in Theorem 1.2. 1 Theorem 1.2. With the notation above, the following statements hold.
(i) For all positive integers n, there exists a positive integer b such that
(ii) For all > 0, there exist infinitely many positive integers n such that
for all possible values of b.
(iii) For all > 0, there exists a positive integer N such that for all n N we have
The lower bounds in Theorems 1.1 and 1.2 can be used to bound below by constants the proportion of elements of certain 2-part orders in classical groups (see [6] ). Not only is this of independent interest, but it can also be used to analyze certain Black Box recognition algorithms for classical groups (in particular an important part of Yalçinkaya's algorithm [8] is analyzed in [6] using these results).
We also note that the analogous question about the distribution of element orders in a fixed Sylow p-subgroup of the symmetric group has been considered in the literature, and there it also turned out that the distribution is very concentrated (see, for example [ Using the explicit bounds in [3] , we prove weaker lower bounds on the proportion of elements in S n of any possible 2-part order in Theorem 5.1. We show that
where K b is a constant depending only on b.
The proofs of Theorems 1.1 and 1.2 are in Sections 4 and 3 respectively.
Preliminaries
We use the following theorem of Beals, Leedham-Green, Niemeyer, Praeger and Seress [3] , which gives useful bounds on the proportion of elements in the symmetric group whose order is not divisible by a given prime power. The bounds involve the Gamma function , which is defined for all z 2 C, with Re z > 0, by the equation .z/ WD R 1 0 y z 1 e y dy. .1 
Inequalities
The following lemmas will be useful to bound the proportions of elements in S n that have 2-part order 2 b .
Remark 2.4. We will also find the following restatement of (2.1) useful. If x 2,
Proof. For the first inequality, observe that for x > 1, we have the Taylor series log 
and we can apply Lemma 2.3. Similarly
Lemma 2.6. Let c W OE2; 1/ ! R be defined as in Theorem 2.1. On the interval OE8; 1/, c is decreasing, and bounded below by 1. The function x 7 ! .1 1=x/ 1 is increasing on the interval .1; 1/ and, in particular, for x > 1, 1
Proof. To show that c is decreasing on the interval OE8; 1/, we differentiate
where ‰ is the digamma function, or in other words, the logarithmic derivative of the Gamma function (so that 0 D ‰). We can simplify (2.5) to give
Now the digamma function ‰ satisfies the equation
where is Euler's constant; see e.g. [2, 6.3.16] . To show that c is decreasing on the interval OE8; 1/, it suffices to show that the expression log.x/ 1 C ‰.1
Hence c is decreasing on the interval OE8; 1/. Now observe that
thus c must be bounded below by 1 on OE8; 1/ since c is decreasing on OE8; 1/. Similarly, we differentiate the function x 7 ! .1
If x 2 .1; 1/, then the denominator is positive, and the numerator is also positive by (2.6); thus the function x 7 ! .1 
and in particular c.2p 0 / c.p 0 / 0:000085.
Proof. Observe that Lemma 2.6 implies that
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and using Lemma 2.6 again, together with the fact that x 7 !
log.x/ x is decreasing for x e, we have for all p 0 2 16 ,
If˛is contained in one of the intervals I in column 1 of Table 2 , then f .˛/ is bounded below by the value in column 2.
Interval I Lower bound on f .˛/ Table 2 . Lower bounds on f .
S. Guest and C. E. Praeger
Proof. Observe that f is differentiable and has no local minima on .0; 1/. Thus the minimum value of f .˛/ for˛2 OEc; d is min¹f .c/; f .d /º. The lower bounds of f .˛/ on the given intervals now follow easily.
Remark 2.9. The value for a was chosen to maximize the lower bound for f .˛/ on the interval OEa=2; a.
3 Proof of Theorem 1.2
(i) First observe that if t Ä n, then
Next suppose that there exists a nonnegative integer b such that
If there is no such b, then since s :2 b .n/ increases from 0 to 1 as b increases from 0, there exists a nonnegative integer b such that
Now it follows easily that p n .2 b / > p 5 2 in this case as well. (ii) Let > 0. We shall show that there exist infinitely many integers n such that p n .2 b / Ä p 5 2 C for all nonnegative integers b. Using Theorem 2.1, we find that if 2 b 2, then
Since the function c is decreasing on OE8; 1/, we have
for b 3, since we can take the crude bound
If we write 2 b D˛log.n/, then this inequality becomes We can use elementary calculus to show that the function f defined by f .˛/ WD e 1=2˛ e 1=˛i s increasing on .0; 1= log.4// and decreasing on .1= log.4/; 1/. It follows that if˛> 0 and˛6 2 OEa=2; a, then
In light of estimates (3.1) and (3.2), to prove (ii), we will find ı > 0 and an interval of the form OE.a ı/ log.n/; a log.n/ such that if N is sufficiently large and OE.a ı/ log.n/; a log.n/ contains a power of 2, then c.2 b /f .˛/ Ä p 5 2 C 2 =3 for all possible values of b. We do this separately for various ranges of˛. Moreover for each ı there exist infinitely many integers n such that the considered interval OE.a ı/ log.n/; a log.n/ contains a power of 2, and therefore proving this assertion will yield a proof of part (ii), namely that there are infinitely many n such that p n .2 b / Ä p 5 2 C , for all nonnegative integers b. If˛2 OE1=4; a=2 or OEa; 2, then since the function c in Lemma 2.6 is decreasing on OE8; 1/ and lim x!1 c.x/ D 1, we can choose N 1 such that if n N 1 , then which is less than p 5 2. If˛2 OE1=4; 2, then first choose N 2 such that if n N 2 , then c.˛log.n//. p 5 2/ < p 5 2 C 3 :
Now choose 0 > 0 such that if˛2 OE1=4; 2 and n N 2 , then
Since f is decreasing on .1= log.4/; 1/, we can choose ı > 0 such that ı < 0:015 and if˛2 OEa ı; a, then f .˛/ Ä p 5 2 C 0 . In particular,
if˛2 OEa ı; a.
To control the last term in (3.1), choose N 3 such that 10 n Ä 3 for all n N 3 . We also need to treat the case 2 b D 1. We note that
so we choose N 4 such that if n N 4 , then p n .1/ Ä p 5 2. In light of (3.2) and (3.4), we choose N 5 such that if n N 5 and˛log.n/ Ä 4, then˛< 1=4:
We are now in a position to prove that if OE.a ı/ log.n/; a log.n/ contains 2 b , then p n .2 bCj / Ä p 5 2 C for all possible integers j when n is sufficiently large. Let N WD max¹N 1 ; N 2 ; N 3 ; N 4 ; N 5 º. Using inequality (3.1), if n N and OE.a ı/ log.n/; a log.n/ contains 2 b , then
Moreover, if j 1 and 2 b D˛log.n/ with˛2 OEa ı; a as above, then we have 2 bCj log.n/ 2 (since ı < 0:015 and a > 1:03); thus by (3.4) we have
Similarly, if b Ä j Ä 2, then 2 bCj log.n/ 2 .0; 1=4/ and so
Finally, if 2 b D˛log.n/ and˛2 OEa ı; a, then 2 b 1 log.n/ 2 OE1=4; a=2 and so (3.1) and (3.3) imply that
Thus we have shown that if n N , then Therefore for all n N WD max¹N; N 6 º, by (3.1), we have
for all possible values of b, which proves the last part of Theorem 1.2.
Proof of Theorem 1.1
The proof is divided into a number of cases. In each case, we refer to information summarised in Table 4 below. Throughout the proof, p 0 denotes a power of 2 satisfying p 0 D˛log.n/.
Case 1: n Ä 10 7
If n Ä 10 7 , then we verify Theorem 1.1 using MAGMA [4] in the following way. For a fixed interval I D OEc; 2c/ in column 1 of Table 4 , n must be sufficiently large so that OEc log.n/; 2c log.n// contains a power of 2. In column 3 of Table 4 , we record the minimum value N I of n for which this occurs. 2 For each integer n 2 OEN I ; 10 7 , we find p 0 the unique power of 2 contained in OEc log.n/; 2c log.n//, and then compute p n .p 0 / precisely using (1.1) and (1.2). Then we find the minimum value of p n .p 0 / over all integers n 2 OEN I ; 10 7 and record a lower bound in column 4 of Table 4 . Now suppose that n 10 7 . In this case, we use Theorem 2.1, which states that if
Thus, since n 10 7 and therefore 2 Ä p 0 Ä n 2 for each of the intervals I in Table 4, we have
Now p 0 D˛log.n/ and˛is contained in one of the intervals I given in column 1 of Table 4 . Note that the last term in (4.1) is
by the last part of Lemma 2.6. We also note that
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For each of the intervals I D OEc; 2c/, the condition that n 10 7 implies that p 0 D˛log.n/ has a minimum value P I over all n 10 7 , namely the least 2-power P I c log.10 7 /. We record these values in column 5 of Table 4 . For all but one of the intervals I , we have P I 8, and in the other case P I D 4.
Case 2a: n 10 7 , p 0 8
If n 10 7 and p 0 8, then Lemma 2.6 shows that c.2p 0 / c.p 0 / Ä 0, so the second term in (4.2) can be bounded below on I using an upper bound U.I / for the increasing function˛7 ! e 1=2˛o n I :
Moreover, the first term in (4.2) can be bounded below on I using the lower bound, L 1 .I / say, of e 1=2˛ e 1=˛o n I obtained in Lemma 2.8. We list L 1 .I / in column 2 of Table 4 , and we have If n 10 7 , and if I is such that P I 8, and if P I Ä p 0 Ä 2 16 , then we compute c.p 0 / and c.2p 0 / explicitly for each 2-power in the interval OEP I ; 2 16 and substitute these values into (4.5) to obtain lower bounds for L.n; p 0 / for n 10 7 and P I Ä p 0 Ä 2 16 . We record, in column 6 of Table 4 , the minimum value of these lower bounds obtained in (4.5 We record these lower bounds in column 7 of Table 4 . We use the same method as before, except that we take a lower bound L 2 .I / for e 1=˛o n I , rather than an upper bound for e 1=2˛o n I . So we have, with L 1 .I / as in (4.4),
and we can now also record the minimum lower bound of L.n; p 0 / for all p 0 satisfying P I Ä p 0 Ä 2 16 , in column 6 of Table 4 in the case I D OE Cases 1 and 2 cover all possibilities and column 8 of Table 4 gives the overall lower bound for p n .p 0 / for each interval I , which is the minimum value from columns 4, 6, and 7 of Table 4 . 
